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Abstract
In this note we obtain a simple expression of any ﬁnite group by means of its generating set. Applying this result we partly solve
a conjecture on diameters of Cayley graphs proposed by Babai and Seress. We also obtain some other conclusions on diameters on
Cayley graphs.
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1. Introduction
Assume thatG is a ﬁnite group, S is a subset ofG and 1 is the identity ofG. Let 1 /∈ S. The Cayley digraph ofGwith
respect to S is a directed graph whose vertex set is G and edge set is {(g, gs)|s ∈ S, g ∈ G}. If S−1 =S then it becomes
an undirected graph and is called the Cayley graph of G with respect to S. The Cayley digraph and Cayley graph of
G with respect to S are denoted by X(G, S) and C(G, S), respectively. The diameter of the Cayley digraph X(G, S)
is the maximal distance between two vertices of it and denoted by diam(X(G, S)). The subgroup of G generated by S
is denoted by 〈S〉. Let H be any subgroup of G. HG denotes the subgroup of G generated by all conjugate subgroups
of H . For the other notations we refer the reader to [3,6].
Assume that diam(G) is the maximum of diam(C(G, S)) with respect to any generating set S with 1 /∈ S = S−1.
Babai and Seress [2] proposed the following:
Conjecture. Let G be the alternating group An of degree n. Then diam(G)<nC , where C is a ﬁxed constant.
One of our main results is the following Theorem 1. Let Sn be the symmetric group of degree n and  ∈ Sn. The
degree of  is the number of points moved by  actually and denoted by deg(). Then we have
Theorem 1. Let G be a subgroup of Sn, G = 〈S〉 and 1 /∈ S = S−1. If there is some  ∈ S such that deg()k and
〈〉G = G, where k is a ﬁxed constant, then we have diam(C(G, S))n2k+1.
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Suppose that {i |1 ik} is the set of all different irreducible characters of the groupG and 1 is the trivial character
of G. Then =∑ki=1 nii is the regular character of G, where ni = i (1). Assume that P is the regular representation
ofG on the complex ﬁeld andA is the adjacency matrix ofX(G, S). Then the transposeA′ ofA is the adjacency matrix
of X(G, S−1). If S = Sg for any g ∈ G then we call S a normal subset of G. Let G=〈S〉. Then we have the following:
Theorem 2. Let S be a normal subset of the group G. Assume that r is the number of different eigenvalues of the
matrix A and  is the minimal polynomial of A. Then we have
(1) r equals to the degree of .
(2) diam(X(G, S))r − 1.
(3) rk.
2. A formula on groups and the proof of Theorem 1
In this section we assume that G is a ﬁnite group, G = 〈S〉, and 1 /∈ S = S−1. Let L be any subgroup of G and
|G : L| = n. Then the following formula holds.
Theorem A. G = L(1 ∪ S)Sn−2.
Proof. The theorem is true clearly when n = 1. Let n2. First of all we have
L ⊆ L(1 ∪ S) ⊆ · · · ⊆ L(1 ∪ S)Sm ⊆ . . . ,
where m is a nonnegative integer and S0 = 1.
Since G is a ﬁnite group, there is some nonnegative integer l such that L(1 ∪ S)Sl = L(1 ∪ S)Sl+1, and so L(1 ∪
S)Sl = L(1 ∪ S)Sl+t , where t is any nonnegative integer. Because G is generated by S we obtain
G = L(1 ∪ S)Sl . (1)
We shall show that there is ln − 2 such that Eq. (1) holds. In fact, if L ⊂ L(1 ∪ S) ⊂ · · · ⊂ L(1 ∪ S)Sn−2, then
L(1 ∪ S) contains at least two cosets of L in G, …, L(1 ∪ S)Sn−2 contains at least n cosets of L in G. Thus we obtain
G = L(1 ∪ S)Sn−2. Hence there is some nonnegative integer ln − 2 such that Eq. (1) holds and so the theorem is
proved. 
Corollary. Let H = 〈S2〉 and h = |G|. Then we have
(1) if S does not belong to H then G = H ∪ Hs, where H = Sh−2 and s is some element of S;
(2) if S ⊆ H then G = H = Sh−1.
Proof. (1) Assume that S does not belong to H . Then we have G=H ∪Hs, where s is some element of S. Therefore
h= |G| = 2|H | is an even number. Thus Sh−2 ⊆ H . By TheoremA ( set L= 1) we have G= (1∪ S)Sh−2. It is easily
veriﬁed that S ∩ H = ∅. Hence we obtain H = Sh−2.
(2) Let S ⊆ H . By TheoremA (set L = 1) we have G = (1 ∪ S)Sh−2. Hence there is a positive integer m such that
G = Sm. Let m be the least positive integer such that G = Sm holds. We shall show mh − 1. In fact, we may prove
(I) 1< |S|< |S2|< · · ·< |Sm|.
If |Si | = |Si+1|, where im− 1, then |Sis1| = |Sis2| = |Si+1| for any s1, s2 ∈ S. Thus we have Sis1 = Sis2 = Si+1
and Si = Sis1s−12 for any s1, s2 ∈ S. Therefore we obtain Si = Si+2, and so G = Si, im − 1, a contradiction. Thus
we have |Sm|m + 1 by (I). Hence mh − 1 by the deﬁnition of m. Thus G = H = Sh−1. 
Now we come to prove Theorem 1.
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Proof of Theorem 1. Without loss of generality we may assume that the set of points moved by  actually is
{1, 2, . . . , k}. Let the order of  be ||. Then ||k!=1×2×· · ·× k. Let L be the pointwise stabilizer of {1, 2, . . . , k}
in G. Then  and L are commutative. By TheoremA, we have G = L(1 ∪ S)Sm−2,m = n(n − 1) · · · (n − k + 1). By
Aufgaben (2) in Section 2 of Chapter I (in p. 12) of [5], G is the product of all different conjugate subgroups of 〈〉.
But  and L are commutative and G = L(1 ∪ S)Sm−2, we obtain
(II) G = 〈〉t1〈〉t2 · · · 〈〉tm ,
where ti ∈ (1 ∪ S)Sm−2 are representatives of cosets of L in G, 1 im.
Since ||k!, we have 〈〉 ⊆ Sk!. Thus we obtain
G = (Sk!)m((1 ∪ S)Sm−2)2m = (1 ∪ S)S3n2k−1 = (1 ∪ S)Sn2k+1−1.
Hence we have diam(C(G, S))n2k+1, and so the theorem is proved. 
3. Proof of Theorem 2 and some related results
Since P is the regular representation of the group G on the complex ﬁeld we have P(
∑
g∈S g) = A, where A is the
adjacency matrix of X(G, S). Since =∑ki=1 nii , where  is the regular character of G, we obtain (see [1])
(B) ti1 + · · · + tini =
∑
g1,...,gt∈S
i
(
t∏
s=1
gs
)
,
where t is any positive integer and i1, . . . , ini are eigenvalues of A, each takes ni times.
Suppose that at (h) = 1/n∑ki=1 i (h)∑nij=1 tij , bt (h) =∑g1,...,gt∈S,g1...gt=h 1, where h ∈ G,n = |G|.
We have the following
Proposition 1. (1) at (1) =∑g1,...,gt∈S,g1...gt=11.
(2)∑nij=1 tij =∑h∈G at (h)i (h) =∑h∈G bt (h)i (h).
Proof. (1) By (B) we have
at (1) = 1/n∑ki=1 ni∑nij=1 tij = 1/n∑g1,...,gt∈S∑ki=1 nii (∏ts=1 gs) =∑g1,...,gt∈S,g1...gt=1 1.(2) By (B) we have∑
h∈G at (h)i (h) = 1/n
∑k
l=1
∑nl
j=1 
t
lj
∑
h∈G i (h)l (h) =
∑ni
j=1 
t
ij .
Similarly, we may prove the another equation. 
Now assume that  is the eigenvalue of thematrixAwhich is the second largest in absolute value. LetG=〈S〉, 1 /∈ S=
S−1 and |S| = d. By Chung [4] we have(the base of logarithms is 2)
(C) diam(C(G, S))
 log(n−1)log(d/||).
We have the following
Proposition 2. Let G be a noncommutative simple group. Then
(1) if dt > (n − 1)||t , then diam(C(G, S)) t ;
(2) if at (1)(2/n)dt and t is an even number, then diam(C(G, S)) t log n;
(3) if at (1)t and t is an even number, then at (h)> 0 and diam(C(G, S)) t log n/ log d.
Proof. (1) Assume that dt > (n − 1)||t , then log(n − 1)/t < log(d/||). By (C) we have diam(C(G, S)) t .
(2) Suppose that at (1)(2/n)dt and t is an even number. Since G is a noncommutative simple group we have
1<ni = i (1) for any i = 1. By Proposition 1 we have dt + 2tnat (1) and so 2tdt . Thus we obtain by (C)
diam(C(G, S)) t log n.
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(3) Assume that at (1)t and t is an even number. Then we have for h = 1
nat (h) =
∣∣∣∣∣∣
k∑
i=1
i (h)
ni∑
j=1
(tij − t )
∣∣∣∣∣∣
> dt − t −
k∑
i=2
ni
∣∣∣∣∣∣
ni∑
j=1
(tij − t )
∣∣∣∣∣∣
= dt − t −
k∑
i=2
ni
⎛
⎝nit − ni∑
j=1
tij
⎞
⎠
= n(at (1) − t )0.
Therefore at (h)> 0. By Proposition 1we have at (1)dt−1 and thus tdt−1. Hence by (C)we have diam(C(G, S))
 t log n/ log d. 
Now we come to prove Theorem 2.
Proof of Theorem 2. (1) Since S is a normal subset of G, A is a normal matrix. Thus the minimal polynomial  of
A has no multiple root and so r equals to the degree of .
(2) Since S generates G, X(G, S) is strongly connected. Similar to the proof of Proposition 2.6 in [3], we have
diam(X(G, S))r − 1.
(3) We have P(∑g∈S g) = A,P (∑h∈S h−1) = A′. By problem (3.12) in [6] (in p. 45) we obtain (use the fact that
S is normal)

⎛
⎝∑
g,h∈S
gh−1
⎞
⎠= k∑
i=1
∑
g,h∈S
nii (gh
−1)
=
k∑
i=1
ni
n
∑
z∈G
∑
g,h∈S
i (gh
−z)
=
k∑
i=1
∑
g,h∈S
i (g)i (h
−1)
=
k∑
i=1
∣∣∣∣∣∣
ni∑
j=1
ij
∣∣∣∣∣∣
2
= trace(AA′).
By Schur’s theorem in [7] (in p. 378) we obtain
trace(AA′) =
k∑
i=1
ni∑
j=1
ni |ij |2.
Thus we have i1 = i2 = · · · = ini , i = 1, 2, . . . , k. This implies rk. Theorem 2 is proved. 
We may obtain an interesting application of the preceding method when S is a conjugacy class of the group G.
Assume that {C1, C2, . . . , Ck} is the set of conjugacy classes of G, gi ∈ Ci and Ai is the adjacency matrix of the
digraph X(G,Ci), i = 1, 2, . . . , k. Let 1 ∈ C1. Thus A1 = I is the identity matrix. We have the following:
Proposition 3. Let G′ be the commutator subgroup of the group G. Then G = G′ if and only if a(A1 + A2 + · · · +
Ak) = A1A2 . . . Ak , where a =∏ki=1 |Ci |/n, n = |G|.
1644 W. Xiao / Discrete Applied Mathematics 154 (2006) 1640–1644
Proof. Suppose that a(A1 + A2 + · · · + Ak) = A1A2 . . . Ak . By Theorem 2, i = |Ci |(gi)/(1) is the eigenvalue of
Ai , where  is any irreducible character of G. Because A1 + A2 + · · · + Ak = J is the matrix each of whose elements
is 1, its eigenvalues are n and 0 (multiplicity is n − 1). Since A1, A2, . . . , Ak are pairwise commutative normal
matrices, they may be transformed into diagonal matrices simultaneously. Hence the eigenvalues of A1A2 . . . Ak are∏k
i=1|Ci |(gi)/(1). We obtain na =
∏k
i=1|Ci | when  is the trivial character. If G = G′, then there is a nontrivial
linear character . Thus (gi) = 0 for any gi, i =1, 2, . . . , k. But∏ki=1|Ci |(gi)/(1)=0 since it is the eigenvalue of
A1A2 . . . Ak , a contradiction. Conversely, if G = G′, then by Theorem (3.15) in [6] we have∏ki=1|Ci |(gi)/(1) = 0
when  is a nontrivial irreducible character. Therefore the eigenvalues of A1A2 . . . Ak are
∏k
i=1|Ci | and 0(multiplicity
is n − 1). Thus A1A2 . . . Ak = a(A1 + A2 + · · · + Ak), a =∏ki=1|Ci |/n, n = |G|. 
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